Abstract: We describe neutrino radiation in general relativity by introducing the energy-momentum tensor of a null fluid into the Einstein equations. Investigating the geometry and analysis at null infinity, we prove that a component of the null fluid enlarges the Christodoulou memory effect of gravitational waves. The description of neutrinos in general relativity as a null fluid can be regarded as a limiting case of a more general description using the massless limit of the Einstein-Vlasov system. The present authors with co-authors have work in progress to generalize the results of this paper using this more general description. Gigantic neutrino bursts occur in our universe in core-collapse supernovae and in the mergers of neutron star binaries.
Introduction and Main Results
In this paper, we prove that there is a nonlinear memory effect for neutrino radiation. We describe the neutrinos from a typical source like binary neutron star merger or core-collapse supernova as a null fluid in the Einstein equations. We compute the radiated energy, derive limits at null infinity and compare them with the Einstein vacuum (EV) case and the Einstein-Maxwell (EM) case.
We consider the Einstein equations
(setting G = c = 1), i, j = 0, 1, 2, 3. g ij denotes the metric tensor, R ij is the Ricci curvature tensor, R the scalar curvature tensor, G ij denotes the Einstein tensor and T ij is the energy-momentum tensor. We describe the burst of neutrinos in a typical source such as core-collapse supernovae and binary neutron star mergers as a null fluid. This means that the energy-momentum tensor will have the form
with K denoting a null vector to be specified below and N a positive scalar function.
Later on, we make use of √ N K i = k i and
Let L as well as L denote null vectors, properly defined below. Note that we refer to L as the null vectorfield generating the corresponding outgoing null hypersurfaces and to L as the null vectorfield generating corresponding incoming null hypersurfaces. L and L are complemented to a null frame by the S-tangent orthonormal frame (e A , A = 1, 2). Thus, the corresponding components of the energy-momentum tensor are
Initially, the burst will take off in all directions, but eventually the null part T LL will dominate, as we prove below.
Recall that the contravariant tensor T ij turns into the covariant tensor T ij by contracting with the metric. Thus we have
We show that the components of the energy-momentum tensor have the following decay behavior: The quantity τ − is defined as τ − = √ 1 + u 2 . We use foliations of our spacetime by a time function t and an optical function u as explained below.
We state our equations with all the components of the energy-momentum tensor. Their decay behavior emerges from the physical model and the corresponding mathematical consequences.
In this paper, the covariant differentiation on the spacetime M we denote by D or ∇, whereas the one on a spacelike hypersurface H is ∇ or ∇. It is clear from the context what ∇ refers to.
The twice contracted Bianchi identities imply that
This is equivalent to the following equation, namely, that the divergence of the energy-momentum tensor of the null fluid vanishes:
The Einstein equations (1) for a null fluid reduce to
We prove that there is a contribution from neutrino radiation to the nonlinear Christodoulou memory effect of gravitational waves. When describing neutrino radiation by a null fluid and coupling the energy-momentum tensor of a null fluid to the Einstein vacuum equations, we find the energy radiated away per unit angle in a given direction to be F/8π with
The limit T * LL of T LL is positive. See equation (2) and the subsequent paragraph. Considering gravitational radiation in the presence of an electromagnetic field as well as neutrino radiation, as present typically in binary neutron star mergers, we investigate the Einstein-Maxwell-null-fluid equations and find similarly the energy radiated away per unit angle in a given direction to be F/8π with
The permanent displacement formula of the nonlinear memory effect involves formula (8) respectively (9) . In both cases, we have a contribution from neutrino radiation given by the term 4πT * LL (u, ·). In a new project of the current authors together with P. Chen and S.-T. Yau, we imbed this result into a complete kinetic theory for neutrinos in general relativity.
The Einstein-null-fluid equations (1) respectively (7) investigated in this article are proven to have geodesically complete solutions for physical initial data by the first present author in [5] . What could happen in general, is that the null geodesics may intersect. In order to prevent that, one has to specify corresponding initial data for the null fluid. We work with initial data which is asymptotically flat. Whereby the geometric part, that is the induced metric at time t = 0 and the corresponding second fundamental form of the initial spacelike hypersurface may behave as in [22] . Necessary conditions on the null fluid for this spacetime to be non-singular are given in [5] . In particular, considering (2) , in the region of compact support we choose the density to be 1 and the vectorfield in the outside to decrease appropriately. Moreover, outside the region of compact support, the vectorfield is directed outwards. In [5] the Cauchy problem is solved to prove that the corresponding solution is non-singular. In particular, the local result is implied by the implicit function theorem, whereas the global result is achieved by a bootstrap argument.
Nonlinear Christodoulou Memory Effect of Gravitational Waves
The general theory of relativity predicts gravitational waves. There has been vast literature about this topic. Ongoing and future experiments like LIGO or LISA want to measure these waves directly. Other experiments based on radio astronomy aim at measuring the Christodoulou effect of these waves, which means that they would be detected through this nonlinear effect. A gravitational wave train will have two different effects on the test masses. A wave train traveling from its source to us, will pass the experiment. During the passage of such a wave train the test masses will experience 'instantaneous displacements'. Afterwards, the test masses will show 'permanent displacements'. The latter is the nonlinear memory effect (Christodoulou effect) of gravitational waves. Thus, the spacetime has been changed permanently. Such an effect was known in a linear theory [24] , but its contribution was very small and people believed it negligible. See also [9] , [10] . Christodoulou [20] shows that this is a truly nonlinear effect and as such its contribution is much larger than expected. He computes and investigates exact solutions of the Einstein equations, no approximation is used.
Since the pioneering days, when Christodoulou [20] established his nonlinear result for the EV equations, showing that gravitational waves displace test masses permanently, it has been an open problem if electromagnetic fields in the EM equations contribute to the nonlinear effect. In the work of the first author with PoNing Chen and Shing-Tung Yau [6] , [7] we solve this problem and apply the new findings to astrophysical data. We show [6] how the electromagnetic field in the EM equations contributes to the nonlinear memory effect of gravitational waves. And we investigate the effect on gravitational wave detectors. Precise formulas derived with geometric-analytic methods from the EM equations are related to experiment. And predictions for measurements are stipulated. We apply the new results to astrophysical data [7] .
We would like to emphasize that neither in the works [6] , [7] nor in this article, any approximation is used. The first author with Chen and Yau in [6] , [7] as well as the present authors in this paper derive and investigate exact solutions of the EM respectively Einstein-null-fluid equations. All the results mentioned in this subsection hold for large data. Examples of the latter include supernovae, mergers of black holes or neutron stars.
Typical sources of neutrino radiation are big events in the universe such as corecollapse supernovae or binary neutron star mergers. In a core collapse supernova, the 1.4 solar mass iron core of a massive star is converted into neutrons and neutrinos. In the process, about 3 × 10 53 ergs of gravitational binding energy is released, almost all of it in the form of neutrino radiation. [11] In addition to the gravitational wave effects of the neutrino radiation, the neutrinos themselves can be detected thus enhancing the possibility of detection through a joint gravitational wave and neutrino search. [12] Since neutrinos are the dominant form of energy loss, one might think that the gravitational waves generated by neutrinos (and the associated gravitational wave memory) would be the most easily detected gravitational wave signature from core-collapse supernovae. Unfortunately, this turns out not to be the case. [11, 13] To begin with, the spherically symmetric part of the energy emission produces no gravitational waves, so it is only the fraction (about 2% or so [13] ) of the neutrino energy emission that is anisotropic that produces gravitational waves. These gravitational waves are higher amplitude than those produced by the matter in the supernova core; however, their frequency is also smaller. This is because though the neutrinos are produced promptly in the collapse of the core, it takes them a time of on the order of a second to escape from the extremely high density region of the collapsing core. Thus neutrino emission and the associated gravitational waves have a time scale of about a second, or equivalently a frequency scale of about 1 Hz. For LIGO and the other ground based gravity wave detectors, 1 Hz is the low frequency range where seismic noise in the detectors is large. [14] This makes detecting gravitational wave memory in supernova core collapse very challenging. However, current improvements being made to gravity wave detectors include an improvement in seismic isolation and thus a lessening in detector noise at low frequency. Thus in addition to the overall improvement in the possibility of detecting gravitational waves, the detectors should also have an improved possibility of detecting gravitational wave memory.
A binary neutron star system consists of two neutron stars in orbit around each other. Such a system loses energy in gravitational radiation, causing the neutron stars to orbit at ever smaller distances (referred to as "inspiral") until they merge. [15] The merged object is a supermassive neutron star with large thermal energy as well as a flattened shape caused by its high rotation speed. It is estimated [16] that the supermassive neutron star radiates neutrinos with a power of about 5×10 52 erg/s over a time of about 1 s. Eventually the supermassive neutron star is expected to collapse to form a black hole and perhaps generate a gamma ray burst. The gravitational radiation generated by the inspiral of the neutron stars is considered to be the most promising candidate for detection of gravitational waves. [17] The gravitational wave memory from the burst of neutrinos will be more challenging to detect because of the longer time scale and the seismic noise in the detectors.
Setting
It will be useful to split the Riemannian curvature tensor R αβγδ into its Weyl tensor W αβγδ being traceless, and a part including the spacetime Ricci curvature R αβ and spacetime scalar curvature R:
We work with two different foliations of the spacetime (M, g). First, we can choose an appropriate time function t and obtain a foliation given by the level sets H t . We denote the time vector field by T , i.e. the future-directed normal to the foliation. Thus it is T i = −Φ 2 g ij ∂ j t and T t = T i ∂ j t = 1. The resulting spacetime foliation is diffeomorphic to the product R ×M withM being a 3-manifold and each level hypersurface H t of t is diffeomorphic toM . The metric then reads
whereḡ =ḡ(t) is the induced metric on H t . We denote the components of the inverse metric as g ij = (g −1 ) ij . The lapse function Φ is given as Φ := (−g ij ∂ i t∂ j t)
. Choosing a frame field {e i } for i = 1, 2, 3 on H t , we Lie-transport it along the integral curves of T . Thus, it is [T, e i ] = 0 .
Writeḡ ij =ḡ(e i , e j ) = g(e i , e j ). Then the second fundamental form k is given by
We choose to work with a maximal time function, that is
Moreover, denote by N the spacelike unit normal vector of S t,u in H t and from now on let T be the timelike unit normal vector of H t in the spacetime. Often we shall use the frame (T, N, e 2 , e 1 ). Second, we work with a null foliation of the spacetime. For this purpose, we foliate the spacetime by an optical function u and denote its lapse function by a. Now, the level sets C u of u are outgoing null hypersurfaces. Along C u we pick a suitable pair of normal vectors. Denote by e 4 and e 3 the null pair, i.e. g(e 3 , e 4 ) = −2, where e 4 = T + N and e 3 = T − N . We consider the intersection S t,u = H t ∩ C u . Let {e A }, A = 1, 2 be an orthonormal frame on S t,u . This yields a null frame (e 4 , e 3 , e 2 , e 1 ) in the spacetime. Often we write e 4 = L and e 3 = L.
Thus, L is transversal to C, the latter being generated by L. This vectorfield L corresponds through the spacetime metric g to the 1-form −du. In an arbitrary frame, we write
We also need the second fundamental forms with respect to e 4 and e 3 respectively. Let X, Y be arbitrary tangent vectors to S at a point in S. Then the second fundamental forms are defined to be
Further, denote their traceless parts byχ andχ respectively. These are in fact the shears.
More details about these foliations can be found in [22] as well as in [25] , [26] and [1] , [2] .
Given this null pair, e 3 and e 4 , we can define the tensor of projection from the tangent space of M to that of S t,u . We shall decompose the Einstein equations as well as the curvature and all the geometric quantities with respect to these two foliations. These decompositions were first introduced in [22] and then applied and further investigated in [25] , [26] and in [1] , [2] . We refer to these works for the detailed procedures.
Let u = u + 2r and τ 
The generator S of scalings is defined to be
The generator K of inverted time translations is defined as
Then the vectorfieldK = K + T is
We decompose the second fundamental form k ij of H t according to
Then, define
More generally, the second fundamental form θ ab with a, b = {1, 2, 3} of the ufoliation within H is obtained by projecting ∇ s N t from H to S. Thus, the resulting tensor is tangent to S. Choosing on H the orthonormal frame {N, {e A } A=1,2 } where {e 1 , e 2 } is an orthonormal frame on S, we find formula (23) . It is then easy to see that relative to arbitrary coordinates on S, the second fundamental form reads
where γ AB denotes the induced metric on S.
The Ricci coefficients of the null standard frame T − N, T + N, e 2 , e 1 are
The Ricci coefficients of the null frame a −1 (T − N ), a(T + N ), e 2 , e 1 are denoted by χ, χ, etc. In what follows, we drop the primes, but point out, which frame is used.
Definition 1 Define the null components of the Weyl curvature tensor W to be
(34)
(35)
(36)
(37)
In [22] the following behavior is shown.
Ricci Rotation Coefficients
The Ricci rotation coefficients of the null frame are:
In [22] the authors compute fundamental derivatives, of which here we use:
The notation for ζ and ζ above as introduced in [22] is used slightly in a different way in this paper. We explain the underlying structures next. In order to do so, we introduce the torsion 1-form ζ on S as
One can then show that
Therefore, ∇ L L does not have any component along L either but is indeed tangential to S. This fact is used in (49). Let us further explore the torsion. Take any X ∈ T x S and extend X to a Jacobi field along the generator through x. We compute
The second line holds because [L, X] = 0. Then consider any vector X ∈ T x S together with g(∇ L L, X). To calculate the following, we use formula (15) in an arbitrary frame:
We make use of the fact that the Hessian of a function is symmetric and we compute
Summarizing, we find that
Thus, in the notation from above, this means ζ A = −ζ A .
Then the corresponding derivatives take the form:
Further, we calculate
In a similar way, it is shown that g(∇ L e A , L) = 0 and g(∇ L e A , e B ) = 0.
Behavior of the Energy-Momentum Tensor
Behavior and decay of vector fields at null infinity. For the current purpose, let us use the notation as in equation (2), where we read
The vector k initially will be of the form
with V denoting a vector tangent to S.
In the following we show that a long time after the burst the L direction will dominate, that is that L and V will decay along L. Moreover, we show that b decays and that a converges to 1 in the corresponding limits.
Let us first consider the vectorfield L and write
We have seen that the twice contracted Bianchi identities imply (5), and therefore the Einstein equations enforce (6) , that is
Thus we have
As L is a geodesic vectorfield, the last term is zero and we have
From the studies in [22] we know how the geodesics behave. Some of this geometric structure worked out in [22] is used in the following. In particular, it is lim Cu,t→∞
We compute
Then we have in equation (44) (
Therefore, we conclude that
However, we continue by dropping the prime and will point out which vectorfield is used. We use the following two settings: 1) we take the vectorfield L to generate an affinely parametrized geodesic, and 2) L stands for L .
Working with the geodesic vectorfield L we compute decay rates for e A and L along L. Next, we focus on the vectorfield e A . We find from (41) that (47) holds and by direct computation (48) holds for a vector V tangential to S:
In order to find the behavior of e A along L, focus on equation (47) and use the fact that ζ = O(r −2 ) to find
Thus, along L the vectorfield e A decays like r −1 . Finally, consider vectorfield L. Equation (42) exhibits a component along L. But we show above that this component vanishes and ∇ L L is tangential to S. Now, with ζ = O(r −2 ) we find
And along L the vectorfield L decays like r −2 . Switching to the vectorfield L = L , we point out: Consequently, we find that along L = L the vectorfield L decays like r −3 and for A = {1, 2} the vectorfield e A decays like r −2 .
It then directly follows that the energy-momentum tensor has the following behavior in r:
, then the components of the energy-momentum tensor take the previous form. In the discussion to follow we take the vectorfield L to generate an affinely parametrized geodesic. Thus, the following holds: along L the vectorfield L decays like r −2 and for A = {1, 2} the vectorfield e A decays like r −1 . The null vector k satisfies k a k a = 0.
Thus, we have
The goal is to prove that k tends to L along C u as t → ∞.
For that purpose, we first investigate the deformation tensor for T . Let Y, Z denote any vectorfields in M . The deformation tensor of T then is
We denote the components of the deformation tensor for T by
With (16) we write
In a null frame, the vectorfields Y and
. Then, with respect to a general null frame the deformation tensor of T decomposes into the following components:
with the right hand sides being the connection coefficients introduced earlier. Note that for geodesic vectorfields some of these terms vanish.
In the case where Y and Z are tangential to S, equation (55) reduces to
The last equation holds because of
Further, asχ AB = O(r −1 ) is the lowest order term in (55) respectively in (57), we find that the deformation tensor for T behaves like
Moreover, we recall the facts that for any
with Π C denoting the projection along L onto the tangent space of S and Π C the projection along L onto the tangent space of S.
Next, we need to get bounds on the coefficients V A of the above vectorfield V = V A e A . For this purpose, we consider the deformation tensor of the vectorfield K introduced in (18) . With V being tangential to S we find
We split (L K g) into its trace and traceless part, the latter being denoted as (
Observing the orders of these terms, we find
As (L K g)(V, V ) has to go to zero as t → ∞, we obtain bounds on the components V A . We conclude for fixed u and as r → ∞
As t → ∞ the quantity (L K g)(V, V ) goes to zero. Therefore the coefficients V A have to decay like r − . Equation (63) yields the bounds for the coefficients
Proof of Convergence of k to L as t→∞. Let k be a null geodesic, that is,
If our manifold were the Minkowski space, then there would exist conformal Killing fields X, that is,
Then it follows that k a ∇ a (X a k a ) = 0 and consequently that for each geodesic there exists a constant c such that k a X a = c. As our manifold is a Lorentzian manifold with a lot of curvature structure, there are no 'pure' conformal Killing fields, and the afore-mentioned equations in Minkowski space do not hold in a general Lorentzian manifold. However, another property of our Lorentzian manifold, namely its asymptotic flatness, guarantees the existence of almost-and quasi-conformal Killing fields. This means that the corresponding deformation tensors are suitably small and tend to zero as t → ∞ in a suitable way. In that case, the afore-mentioned equations 'hold in an asymptotic sense'. This is what we have to prove now.
The null geodesic vectorfield k takes the form as in (43)
Consider (T b k b ) and write in view of the above equations
First, we investigate ∇ k T .
To compute the subsequent orders of the terms, we use the information from [22] . First, we derive
Some of these expressions are zero. Above we show that ∇ L L does not have any component along L. In a similar manner it follows that ∇ L L does not have any component along L. Straightforward computations along the lines as we do them above yield
All the connection coefficients exceptχ are O(r −2 ), onlyχ = O(r −1 ), moreover the highest order terms of the traces of χ and χ cancel. We take this into account as well as the decays for the vectorfields established above. Then we compute in the order of appearance for the terms on the right hand side of the previous equation
Then we obtain
We derive
The lower order terms multiplied by a respectively b can be absorbed into a respectively b. Next, we do the corresponding computations with the vectorfield K given in (18),
First, we consider ∇ k K.
We investigate A, then A · k. Then, we investigate B, then B · k. The terms in A emerge from the results above for T , but multiplied with the corresponding weights u 2 and u 2 , respectively. With (65) we find
It then follows directly for A · k (in order of appearance of the terms on the right hand side in the previous formula):
Thus it is
Let us focus on B. We have
The main part of the first term writes
whereas the main part of the second term is
Then it is
Straightforward computations yield
Putting the pieces together we find
Further we compute
Again we absorb the lower order terms in a respectively b into a respectively b.
Combining the results for T and K,
We are free to choose c 1 = 1. Then it is with (69)
Inserting in (70) yields
The latter equation holds because of u = u + 2r.
Thus we find that b = O(r −2 ). As r → ∞ it follows that b → 0 and a → 1. Then it follows that k tends to L along C u for t → ∞. This ends the proof of convergence.
Remark: In the above arguments, there could in principle be terms involving a 2 and b 2 . However, it can be easily shown that they vanish. The remaining terms involving ab are estimated by identity (51). The quantities with a and b emerge with factors of lower order in r and therefore are absorbed into a and b in the computations.
We recall that performing our experiment, we are at null infinity of our spacetime and receive gravitational wave signals traveling from the source along outward null hypersurfaces.
The above shows that while a short time after the gravitational wave burst, the neutrinos following null curves may still fly into various directions, after some time the amount escaping towards the L-and V -directions decay and the neutrino flow for later times will approach the null geodesic generated by L.
Spacetime Structure
Decomposing the Einstein-null-fluid equations with respect to the two main foliations, we derive the following equations.
Equations for t-Foliation
In this chapter, we give the most important equations to be used later in the paper. Given the Laplace operator in H, its radial decomposition reads
The second fundamental form k obeys the equations
We have to take into account that the Ricci curvatureR ij in the spacelike hypersurfaces H t is composed as in the following formula, with R αβ denoting the spacetime Ricci curvature of M .R
In particular, the components δ, , η of k satisfy:
Null Structure Equations
The main quantities to derive nonlinear memory are the shearsχ andχ. Equations for the latter on 2-surfaces are coupled to evolution equations of the corresponding traces. Propagation equations of trχ and trχ with respect to l-pair:
The Gauss equation reads
Define the function µ as
The latter, with the help of the Gauss curvature K, can be written as
The null Codazzi and conjugate null Codazzi equations read
Useful identities
4 Null Infinity 
where the limits are on S 2 and depend on u. Moreover, these limits satisfy
and lim
Proof: Whereas the proof of the properties of the Weyl tensor components is along the lines of [22] , we establish the results for the null fluid above. The estimates of this theorem follow directly.
The following theorem shows behavior of the shears and the fundamental relation between the shears and the curvature, which is in accordance with the picture found by Christodoulou-Klainerman in [22] and by Zipser in [25] , [26] . In our setting here, we prove that the null fluid terms do not change these equations.
Theorem 2 Consider the null hypersurface C u . The normalized shear r 2 χ tends to the following limit as t → ∞:
The limit Σ is a symmetric traceless covariant 2-tensor on S 2 that depends on u.
The proof is the same as in [22] because the propagation equation is not affected by the extra terms from the energy-momentum tensor of the null fluid.
Theorem 3 Consider any null hypersurface C u . The limit of r η exists as t → ∞, in particular Ξ (u, ·) = lim Cu,t→∞ r η .
The limit Ξ is a symmetric traceless 2-covariant tensor on S 2 that depends on u and obeys
In addition, the following holds:
Cu,t→∞ r χ = Ξ and
To prove this, we take into account the decay behavior of the energy-momentum tensor components for the null fluid. The argument is along the lines of the proof of conclusion 17.0.3 in [22] .
In the proof of theorem 6 below we use a fact on the limit of trχ which we want to establish now. For that purpose we define
The following holds for the function H:
Proof: At the beginning, we want to remind the reader that the equivalent statement for the EV equations is shown in conclusion 17.0.5 and in lemma 17.0.1 of [22] . There the authors use
In our new setting for the Einstein null fluid, it follows in a straightforward manner that the additional terms due to the null fluid are of order O(r −3 ). Then by the same argument as in [22] , above equation (90) follows in the presence of a null fluid.
In order to prove equation (91) in the null fluid case, we recall the EV situation from lemma 17.0.1 in [22] . One has to show that r 2δ converges to 2M (u). Now, Proposition 4.4.4 in [22] says that
Along the lines of proof of lemma 17.0.1 in [22] , it follows
The constraints of the Einstein null fluid equations give
From equation (92), we deduce
As a consequence, we infer that
This concludes the main part where the null fluid components enter. The remaining steps follow easily.
Bondi Mass
Next, we study the Bondi mass in our setting. First, we introduce the Hawking mass m inclosed by a 2-surface S t,u as in [20] to be
We first investigate ∂ ∂t m(t, u) and then ∂ ∂u m(t, u). From the limiting behavior of the former we conclude a convergence result of m(t, u) to the Bondi mass, and from the limiting behavior of the latter we compute the Bondi mass loss formula.
Consider the null structure equations ( (81), (82)). To compute d ds (trχtrχ) we add trχ·(82) and trχ·(81), which yields
Then we derive
Next, we use (83) to integrate µ on S t,u . Applying Gauss-Bonnet yields
Finally, from (94) and (95), using identity (86), we conclude
Let us have a look at the terms on the right hand side. From the fact that µ = O(r −3 ) it follows that the integrand on the second line of (96) is O(r −5 ). Moreover, all the integrands on the first line of (96) are also O(r −5 ) or higher order. This leads to the conclusion ∂ ∂t m(t, u) = O(r −2 ).
Then we keep u fixed and observe m(t, u) to reach its limit M (u) as t → ∞. This limit M (u) is called the Bondi mass, and it is defined for each null hypersurface C u . Thus, in each C u as t → ∞ the Hawking mass m(t, u) equals the Bondi mass M (u) plus terms decaying like O(r −1 ). Note that the null fluid term on the right hand side of (96) decays fast enough not to interfere with the 'purely geometrical' parts. Thus, we have proven the following theorem.
Theorem 4 On any null hypersurface C u the Hawking mass m(t, u) tends to the Bondi mass M (u) as t → ∞, in particular it is: m(t, u) = M (u) + O(r −1 ).
Having understood how the Hawking mass tends to the Bondi mass, the next question is how the mass changes going from one null hypersurface to another. From above we have m = r 8π St,u µ. Our goal is to derive the Bondi mass loss formula. In order to do so, we turn to ∂ ∂u m(t, u) and write
The last integrand can be written as follows using e 4 = a −1 (T +N ) and e 3 = a(T −N ):
In order to derive the limit yielding the Bondi mass-loss formula, we need to check the limits of each term in the expression
for the Hawking mass. First, we recall that for each u, φ * t,u denotes a diffeomorphism from the unit sphere S 2 to S t,u . Then by arguments along the lines as in [22] it follows that for each u as t → ∞ the metricγ = φ * t,u (r −2 γ) converges to the standard metric
It follows in a straightforward manner that for each u as t → ∞, rtrχ converges to 2, and rχ converges to −2Ξ. Recall that T * LL is positive. Taking the limits we obtain the Bondi mass-loss formula: -See [8] for the first appearance of Bondi mass-loss.
This term is positive and integrable in u, from which it follows that the Bondi mass M (u) is a non-decreasing function of u. Moreover, it has finite limits M (−∞) and M (∞) as u tends to −∞ and +∞ respectively. From (95) it follows that M (−∞) = 0 and that M (∞) is the total mass. We have therefore proven the next theorem:
Theorem 5 The Bondi mass M (u) obeys the following Bondi mass-loss formula:
where dµ• γ denotes the area element of the standard unit sphere S 2 .
We compare this result with the corresponding formulas in the purely gravitational case and in the electromagnetic case. See [22] , [20] , [26] , [6] . Thus, we find that the energy-momentum tensor of the null fluid describing neutrino radiation contributes to the change of the Bondi mass through the term
The behavior of Ξ and T * LL in u are consequences of theorems 1 and 3. Now, we define the function
We then find the total energy radiated to infinity in a given direction per unit solid angle to be
. We note that neutrino radiation contributes through its corresponding null component limit T * LL .
Permanent Displacement Formula
The difference Σ + −Σ − governs the permanent displacement formula of test particles in a gravitational wave detector. In this section, we prove a theorem for Σ + − Σ − in the case of neutrino radiation described by a null fluid in the Einstein equations.
The theorem we prove in this chapter employs the full and rich geometric-analytic structure of our spacetime. The emerging result is then related to experiment in the last part of the present article.
At this point, we emphasize that T * LL is positive.
Also, let Φ be the solution withΦ = 0 on S 2 of the equation
Then Σ + − Σ − is determined by the following equation on S 2 .
•
Proof: First, one has to check on the limits of Σ. Theorem 3, equation (89) ensures that Σ tends to limits Σ + as u → ∞ and Σ − as u → −∞. Moreover, one has
Let us now explore how to get the limiting equation at null infinity for Σ. For this purpose, we focus on the normalized null Codazzi equation
Then we multiply equation (100) by r 3 and take the limit as t → ∞ on C u . We also introduce E = lim
We derive thereby the limiting equation on S 2 :
This structure shows the same as in the EV case, which is proven in [22] p. 510, conclusion 17.0.8.
Next, from our result on H in lemma 1 equation (90) we obtain
Thus, the next task is to investigate E at null infinity through its limiting Hodge system on S 2 . We therefore study the Hodge system for :
To derive equation (103), we consider (74) and write for the normal component.
From here with (7) we compute directly and obtain (103). Further, we use (73) to find the curl / equation (104). The latter in fact coincides with the one obtained by Christodoulou and Klainerman in [22] , whereas the div / equation (103) contains the extra terms T LL and T LL from the null fluid.
In the div / /curl / system ((103), (104)) we make use of underlying structures when taking the limit on C u as t → ∞. To extract these structures, we introduce Ψ, Ψ as follows:
The reader may want to compare this with the formulas in the EV case by Christodoulou and Klainerman in [22] , chapter 11.2, (11.2.2b) and (11.2.7b) which read
In our new situation of neutrino radiation given by the null fluid, we compute the limits as
We proceed by investigating ∇ N δ in equation (103). Writing the following equation for ∇ N δ and comparing it to [22] , chapter 17, (17.0.12c), we note that our formula (111) differs from that by the extra term from the null fluid.
with p = r∇ N q + q + Ψ and p = r(rδ − ∇ N Ψ) .
In a straightforward manner, along the lines of the argument in [22] and also used in [26] , we show that q = r(µ − µ) + I
with
Recall the mass aspect function µ to be
In the next step, we make use of the radial decomposition of given in formula (71) above. Direct conclusions from the last equations yield
Now, first we substitute for ∇ N p from (113) in (111) and then the resulting terms from (111) in (103) to obtain
Then we multiply equations (114) and (115) by r 3 and take the limits on C u as t → ∞. We thereby derive the following limiting equations for E on S 2 . That is the Hodge system for E at null infinity.
We investigate the limits as u → +∞ and u → −∞. Taking into account the above equations for and E, applying theorems 3 and 1 it follows that E tends to a limit E + as u → +∞ and to E − as u → −∞.
Similar arguments as in [22] , chapter 17, yield
The situation for
is more subtle and requires detailed investigations. We point out that the computation of the limits involving Ψ and Ψ and Ω are crucial.
In the EV case, Christodoulou and Klainerman prove the corresponding result in lemma 17.0.2, on page 504 of [22] . Here, we establish the new results where the null fluid term T LL and its limit T * LL change the picture. Whereby it is used that
This is a direct consequence from (44) and results thereafter. Calculating the limits (110), applying (118), (106) and (107), we derive formulas for Ψ, Ψ , Ω, Ω . We find 
This yields
where Φ is the solution of
Relating result (121) to this equation, where in the latter we first take the limits as u → ∞ and u → −∞, we conclude
which is equation (99). This concludes the proof of the theorem.
Limit for r as t → ∞ on Null Hypersurface C u
We shall use the fact that the constraint on the spacelike scalar curvature, which is given by R = |k| 2 + R 00 , differs from the constraint in the vacuum case only by the term R 00 .
We can now prove the following results.
Theorem 7
As t → ∞ we obtain on any null hypersurface C u r = t − 2M (∞) log t + O(1) .
Proof: We recall from [22] , p. 503, with φ = φ − 1,
In the last equality, we use equation (91). Now, in the Einstein-null-fluid case, we have for R 00 the following expression in terms of the components T LL and T LL of the null fluid:
Moreover, the lapse equation in our situation is given by
We integrate the lapse equation (124) on H t in the interior of S t,u to obtain
In view of (123) and the fact that all the terms on the right hand side of (123) except T LL are of lower order, we estimate
We see that
Consider the Bondi mass loss formula in theorem 5. Then, as t → ∞ we conclude
on each C u . In view of φ we compute:
where B denotes the exterior of S t,u . Therefore, from (125) it follows on C u as t → ∞,
Thus, we obtain on any cone C u for t → ∞,
Thus, the statement of our theorem follows, which closes the proof.
Gravitational Wave Experiments
In the previous chapters, we derived a contribution from neutrino radiation to the nonlinear Christodoulou memory effect of gravitational waves. This effect will show as a permanent displacement of test masses in a laser interferometer gravitationalwave detector. In this section, we show how the mathematical results relate to experiment. In a typical source of a neutrino burst such as core-collapse supernovae or binary neutron star mergers, over a timescale of tens of seconds a huge amount of energy is radiated away in form of neutrinos. In particular, in the case of a supernova, it is expected that approximately 99% of the gravitational binding energy of the remnant in the process is converted into neutrinos. See Scholberg's article [23] for a recent review. In such a process, gravitational waves are emitted and the wave package is traveling at the speed of light along the null hypersurfaces of our spacetime. We may think of doing the experiment at null infinity of the spacetime. Our findings are two-fold: First, we discuss the instantaneous displacements of test masses occurring while the package is moving through the experiment. Second, we investigate the permanent displacements of test masses after the gravitational wave train has passed, namely the nonlinear Christodoulou memory effect. We prove that the contribution from neutrino radiation described as a null fluid has only lower order 3 contribution to the first effect, but contributes at the same highest order as the 'purely geometrical' term to the nonlinear Christodoulou effect. The information about the null fluid part is 'encoded' in Σ + −Σ − and described in theorem 6. Precisely, this latter term governs the permanent displacement as we show at the end of the present chapter. Now, we briefly review the setup of such a detector with three test masses. A detailed explanation is given in Christodoulou's pioneering paper [20] , and a derivation in the Einstein-Maxwell case is given in the article by the first present author with Chen and Yau in [6] .
Let us think of the experiment having a reference test mass m 0 at the location of the beam splitter. Initially, masses m 1 and m 2 are at equal distances d from m 0 forming a right angle there. In an Earth-based detector such as LIGO, the masses are suspended by pendulums and thus are free. If the observation is performed in space as in LISA, then the masses are free by nature. In fact, in the first case, for time scales much shorter than the period of the pendulums the motion of the masses in the horizontal plane can be considered free. By laser interferometry, the distance of m 1 and m 2 from the reference mass m 0 is measured. Whenever the light travel times between the masses differ, then we see a difference of phase of the laser light at m 0 .
The three masses move along geodesics in spacetime. We denote the geodesic for m 0 by Γ 0 . Let T be the future directed tangent vector field of Γ 0 of unit magnitude. Moreover, let t denote the arc length along Γ 0 . At Γ 0 (0) we choose an orthonormal frame (e 1 , e 2 , e 3 ) for the spacelike, geodesic hyperplane H 0 . For each t denote by H t the spacelike, geodesic hyperplane through Γ 0 (t) orthogonal to T . We obtain the orthonormal frame field (T, e 1 , e 2 , e 3 ) along Γ 0 by parallel propagation of (e 1 , e 2 , e 3 ). The latter being an orthonormal frame for every H t at Γ 0 (t). To a point in spacetime close to Γ 0 and lying in H t we can now assign cylindrical normal coordinates (t, x 1 , x 2 , x 3 ). Assume that the source of the waves is in the e 3 -direction, and that the light travel time corresponding to the distance d is significantly shorter than the time scale of large variations of the spacetime curvature. Then the geodesic equation for the trajectories of m 1 and m 2 are replaced by the Jacobi equation (127) measuring the geodesic deviation from Γ 0 . With R kT lT = R(e k , T, e l , T ) it is
The acceleration in (127) is controlled by the curvature R kT lT . In order to reveal the roles played by the null fluid and by the gravitational part, we have to investigate the structure of R kT lT . Thus, we decompose the latter into its Weyl and Ricci parts:
The Einstein-null-fluid equations (7) tell us that R T T = 8πT T T , ensuring the following identity:
The worst decay behavior on the right hand side of (128) occurs in R T T , namely we find it in the null fluid component T LL .
To take limits at null infinity, we change to the null frame with L = T − e 3 and L = T + e 3 . Then the leading components of the curvature can be expressed as 
We now observe that the null fluid enters the right hand side of the Jacobi equation at order (r −2 ). As a consequence the null fluid does not contribute at leading order to the deviation measured. This brings us back to the situation for the Einstein vacuum equations investigated by Christodoulou in [20] . At leading order, our result coincides with his
Similarly to [20] and [6] we find that in the Einstein-null-fluid case there is no acceleration in the vertical direction to leading order (r −1 ). Before the wave package travels through the experiment, the masses m 1 and m 2 are at rest at equal distance d and at right angles from m 0 . That is, we have the initial conditions as t → −∞: 
Integrating yieldsẋ 
To derive the new result for the Einstein-null-fluid equations, we revisit formula (137) in [20] . At this point, the identities (88) and (89) will be applied. First, using equation (88), namely
A with lim |u|→∞ Ξ = 0 we have
and thusẋ
As Ξ → 0 for u → ∞, the test masses return to rest after the passage of the gravitational wave train. Next, using (89), that is ∂Σ ∂u = −Ξ, another integration yields
Now, we take the limit t → ∞ to obtain
Thus, we find that the test masses are permanently displaced. In particular, Σ + −Σ − is equivalent to an overall displacement of the test masses. Precisely this term, in theorem 6, is proven to exhibit a contribution from the null fluid besides the purely gravitational part. Thus, we find that the instantaneous displacements of test masses are not affected at highest order by the null fluid. However, the null fluid does contribute at highest order to the permanent displacement of the masses and therefore enlarges the nonlinear Christodoulou memory effect of gravitational waves.
